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A completeformulation of static and dynamic analysisis presented using higher order shear and normal deformation theory
(HOSNT) with twelve middle surface displacement parameters for doubly curved shells. Mathematical difficulty of
obtaining athree dimensional (3D) solution for problems of plates and shells steered the development of two dimensional
(2D) theories. Present model considerstransverse shear strains and normal strainsthus also incorporating rotary inertiaand
subsequent higher order expression in dynamic terms. A variational principle based on minimization of energy is used to
derivethe set of governing differential equations and associated boundary conditions. Thetheory presented here a so uses
extended thickness criteria where square of thickness to radius of curvature is considered less than unity instead of the
classical assumption of taking thicknessto radius of curvature less than unity. Problem of isotropic open cylindrical shell

is solved and results are compared with available 3D solutions.
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Introduction

A structural system bounded by two curved surfaces
and separated by a small distance compared to the
in-surfacedimensionsiscalled ashell structure. The
small dimension or thickness, defined in normal
direction to surface, is the governing term between
the class of thin and thick shells. Thickness of the
shell could be constant throughout aswell asvariable.
The fact of relatively small thickness dimension
reducesthe three-dimensional (3D) shell problemto
a two-dimensional (2D) surface with sufficient
approximations. Thus middle surface or areference
surface is selected where displacements are defined
as the function of shell principal coordinates. If we
consider any one co-ordinate parameter (say o) to
take constant value and second parameter (o, for
now) to be variable, we obtain family of curves for
variable co-ordinate parameter o, . It isassumed that
two families of coordinate curves are orthogonal to
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each other and coincident with the directions of
principal curvatures (Kraus 1967). Here we define a
curvilinear system (Fig. 1) with two orthogonal
principle coordinates, i.e., (o, o,) along the surface

and ‘z' being normal to the surface. o, @, and p
are mutually orthogonal unit vectors in the above
curvilinear system, defined at any point such that él

and éz are tangential to the principle curvilinear

coordinates o, and o, while p is normal to the
surface.

Geometry of adoubly curved shell incurvilinear
coordinate system is shown in Fig. 2. Each point on
the reference (or middle) surface correspondsto one
singlepair of valuesof (o, av,, 0). Thisalowsasimple
derivation by fundamental equations of the theory of
elastic shells. Points existing on the middle surface
can be represented in vector form as:
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Fig. 1: Curvilinear coordinate system with orthogonal
principle coordinates

r=r (o, ay0) (1a)

Any changeinthe position vector over themiddle
surface can be given corresponding to the curvilinear
coordinateaxis. Arbitrary differentid lineelement over
curvilinear system between points (a;, o, 0) and (o
+ day, a, + day, 0) can be given as:

or or
+
oo,

dot, (1b)

The square of the magnitude of arbitrary line
element isdefined by scalar product of line vector:

Middle Surface ( 4 o)

ds, = Aida, ds, = Ada, (1c)

If only oneof the curvilinear coordinateisvaried,
change in dimension along the two parametric lines
(o, o) isgiven respectively as:

ds, = Ada, (1d)

Here ds, and ds, are change in curve length
along the curvilinear coordinate axis o, and o,
corresponding to changein curvilinear coordinates by
doy, and dov,, respectively. A, and A, are scalar terms
called as Lame parameters and are given in terms of
Cartesian coordinates (X, X,, X;) as.

dS1 = Aldcxl,

or |2

2 2 2
_[ 9% N 0X, N 0%,
aocl‘ oo, oo, oo,

2 2 2 2
P2 = or | _[ 9% N X, N 0%,
80(2‘ oo, Jo, Jo,

(1e)

Similarly, position vector of apoint existingona
surface parallel to the middle surface at normal
distance ‘z’ from middle surface is denoted as R (Fig.
3).

R=r+27n (2a)

Here any changein the position vector between
points (o, o, 2) and (o, + day, o, + do, Z + d2)
can begiven as:

eii f 2 :daf_
. R

Middle Surface (Aldal)

Fig. 2: Geometry of a doubly curved shell
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Fig. 3: Through thickness change in curvilinear system

-~ oR oR ~
dR=—do, +——do., + dzn
aal al aaz (XZ (2b)

Using the Weingarten-Gauss relation, we can
further show:

a_R:(Hija_r

oo, R )oa,’
E— 1+i i
dor, R, )oa, (2¢)

So square of the magnitude of line element over
a parallel surface ‘z’ unit away from middle surface
isgivenas:

(ds(2))’ = dRdR= A [1+ éj dot;

+ A (1+ éj do +dz? (2d)

Changesinlength along the parametric linesfor
any surface at a distance z from the middle surface
can be expressed as below :

ds.(2) = A{l+é}do¢l,

ds,(2) = A, (1+ éj dot, (2¢)

Love (Love 1888) has presented foundations
for thefirst approximation theoriesof thin shells. Love
shell theory neglects the effect of transverse shear
strain, transverse normal strain and normal stress. It
assumes thickness to least radius of curvature ratio
less than unity. Higher order two-dimensional shell
theoriesincludethe effect of transverse shear strains
and normal strain. Also, Flugge, Lure and Byrne
(Kraus 1967) in different articles extended the
thickness criteria by assuming square of thicknessto
least radius of curvature ratio |ess than unity instead
of the above classical assumption. Present
formulation gives a higher order shear and normal
deformation theory (HOSNT 12) with twelvemiddle
surface parameters and also considers Flugge type
extended thickness criteria for shells. Present work
isextension of the work by Kant (Kant 1976), (Kant
1981b; Kant 1981a), (Kant 2002) with eleven middle
surface parameters for doubly curved shells.

Theoretical Formulations

Displacement Model
In order to approximate the 3D elasticity problem to
two-dimensional problem, displacement parameters
are expanded in the form of Taylor’s series in terms
of thickness coordinate ‘z’ about middle surface.
Displacement model for present formulationisgiven
as.

u (oL, 0, Z) = Uy (01,0, ) + B, (0,00, )

+ 22Uy (01,0, )+ 29, (a1, 00,)
V(0L 0y, Z) = Vy (0,0, ) + B, (01,00,

+ 27V (01,0, ) + 29 (00,00, )

W((xl’(X’Z’ Z) =W, (a1’a2)+ B, (051’0‘2)
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+2°W, (01,0, )+ 205 (a1, 0,) (3

Strain-Displacement Relationship

Based on the assumption of small displacementsand
small strains, the strain-displacement relationship in
an orthogonal curvilinear system, showninFig. 1, can
be written as (Kraus 1967).

= 1 {au+laﬁ+ﬁw}
All+(z/R)I[do, A da, R

e, = 1 {BV+EBAZ+AZW}
A1+ (ZIR)][do, Ada, R

ow 1
€;=—, T2

0z’ 2 All+(z/R)]

av_iaA&+ 1 du Vv oA
oo, A do, | A[l+(z/R)]|da, A oo,

3 1 ow
Yo = A+ (2 R)] 0ary

o) u
+ AL+ (z/ Fi)]g{m}

3 1 ow
N E

0 v
A IRy | @

The Taylor series expansions of the 3D
displacements described in HOSNT12 model are
substituted in equation (4) to obtain strain displacement
relationsfor the proposed theory. For the convenience
of further derivation strain relationship is expressed
as below.

For theory with (W/R . )?<<1

1
ST AL+ (Z/R)]

{el+ 2z, + 2%, + 2.}

1
2 AL+ (Z/R)]

{ed+2,+ 2%, + 2K}

e, ={e2 + 2z, + Z’e, + 2k}

1 . .
Yo = m{yloz +Z)Y, t ZZY12 + 23X12}
+;{)\f + 2K, + 20, + 2K )
AL+ (zIR] " P T e
Y :;{y0 F 2K, + Y+ )
13 A[l‘f‘ (Z/ Rl)] 13 13 13 13
Y =;{y0 + 2K o+ 2+ 2K 5
23 A2[1+ (Z/ RZ)] 23 23 23 23.
(59)
For theory with (WR ; )<<1

1 * *
€, = K{sf + 2, + 2%, + 2K, }

1 . .
€, = g{gg + 2, + 28, + 2K}

g, ={ed + z, + Z’e, + 2k}

1 . .
Yo = K{Yloz +ZY, t ZZle + 23X12}

1 * *
+E{ }\1(; + ZK12 + 22}"12 + Z3K12}

1, 5 . 3
Vs =——f{Va+ 2+ ZZYlS + ZK 5}

A
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1 . . C_ 0V Uy d . _du, V,0
Y23:E{8§3+Z‘<23+22823+23K23} (5b) Y= 9A hp=—> Yo OB

oo, A2 oo, oo, A da,
Termsdefined in above equations (5a) and (5b)
are expressed as: Y 8 0 4 3(A0; ")+ oAL
A R’
(0 ou, Vo v, 0A AW
1 ’ .
do, A 8062 R . OW, VoA,
YZS aaz Rz
av, U, 9 W,
& = 0. +A182‘Z AZR2 €3 =0, *
2 1 o 91 6 0A Ae
! E)oc1 A 80c2 R
Yo_(avo u, 0A J _(auo_ﬁa_Az]
? (9o, A da do, A doy, ._00; 0]9A  AO
>"9a, Aoda, R 70
o _ W UpA
Yis=5 1 * * * *
dol, R . _00, 6, 0A . _ 00, 6;0A
12" 5. A 12~ T A A
) ow, VA do, A da, Jdo, A da,
2" 5a, R . . . .
K= a&+ 2(61 Aj Kog = 9 + 2(—62'% j
L _00, 6, 0A AP, dor R dat, R,
L aocl A aoc2 R’ (6)
Variational Principle and System of Equations
62 0, oA, AZG . . : . .
K, = 3 3 , Ky = 2W; Equations of motion are derived using Hamilton’s
o AL al R, principleasapart from being simple, it also givesthe
natural boundary conditionsto be used with the given
~ 00, 0, 0A _ 00, 6, 0A problem. Hamilton’s principle in terms of potential
X1z = do, A o, K2 = do, A do, energy and kineticenergy K for an elastic shell system,
changing its position between two instances of time
%, (t,tot,)), isexpressed as:

K= St F2AA) K= 54 2AN) t
o2 8 [(I-K)dt=0

(7a)
* tO
. ouy Vv, 0A Aw
€ = +—=
Yoo, A 8oc2 R To derive the system of equations for static
problem, Hamilton’s principle is reduced to principle
v u oA, AZW of minimum total potential energy defined as:
8* — O * _ *
2" oa, Ada, R ' &= 5(I) =0 (7h)

Potential Energy IT isgiven as:
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Mm=U-W,-W, -W,, -W,, 8
Where,
U = Strain Energy stored inthe body
W = Externa work done by the surface forces
W, = Externa work done by the body forces
W, = Externa work donebecauseof edgestresses

along edge of constant

W, = Externa work donebecauseof edgestresses

along edge of constant

Work done by the surface forces is given over
the areaof element, whilework done by Body forces
is given over the volume of element. Let usdenote
body force as B while p denotesthe vector of surface
load intensities for generalized displacement vector
u. Subscripts+, - and Oindicatelocations at top, bottom
and middle surfaces, respectively. Potential energy
canbesimplified as:

::%Js’c dv —futhV—

( [utp.dA-[utpda-u; pOdAJ—Wel ~W,
A A A

(©)

In which o and ¢ are stress and strain vectors,
respectively. These are defined as:

0=(0,,0,05 Ty, Ty Ty),

€=y €0 Eq Vin Viz Voo

u=(uv,w), p=(0,d,.9,) (10)
External Work

External work done by the surface forces can be
written as:

Here g, represents|oads acting along the vector
coordinate ‘i’ and,

2 3
U'=u+—- 6|+h—u +h—6.
2 4 8
2 3 12
U =u, —Del+h—u*—h—e (12
2 4 8

SW, = j J. {(adu, + a8V, + a5 w,)} AAda,dor,

Ol O

+ [ [{(mg6, + 36, + m36,)} AAdo,do,

Olq OLp

+_|‘H oﬂ6u +0,9V, +qn6w)} AAdo,do,

Oy O

+f j{ (md6; +mde, +m3o, )} AA,do,do,

Oq 0p

(13)

where,

Stress Resultants

Variation in strain energy can be written as:

SU = I J"[(c51881+02682 +0 08, +7,,07,,

040, Z

1,0V 15 HT,0Y ) AA

(1+ Ej (1+ Ej do,dot,dz (15)

h

W, = J.J' (U, +q,U, +q*\N+)(1+%j(l+%j+(ql‘Ul‘+q;U2‘+qnWN‘)[1—%](l ZRZHAAZd(x do,

0Oy O

(11)
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Integral of stresses over the unit length of
reference (mid) surface of the orthogonal coordinate
edges arerepresented by stressresultants. Integration
of the equation (15) through the thickness of the shell
defines stress resultants on reference surface and
the 3D nature of equation (15) getstransformed into
a 2D form. For a general HOSNT12 theory the
following stressresultantswill have to be defined.

For theory with (/R ; )?<<1
N, 1
h
M; 2 z
. (= jcsi 142 , (dz
N, “h R ]|z
M.* 2 Z3
Fori,j=21,2&i =]
Nij 1
M h
ij 2 z
= J.Tij 142 , (dz
N; “h R )|z
* 2 3
M;; z
Fori,j=21,2&i=]
Ql . 1
2 z
S* :fr,n 1+-2 , (dz
Ql R )|z
S* 2 23
A g 1
Bi= fcn(1+£J(l+ij z +dz
D _2 R. RZ 22
Fori=1,2 (16a)

For theory with (/R ; )<<1
N, 1
h
M, 2 y4
. (= |0, dz
\) Ih 2| Fori,j=1,2&i =],
M| 2|
Nij 1
M h
i Z z
N*J = J.Tij 7 dz —_— .
i h Fori,j=1,2& i =],
M* _E Z3
i
Ql . [
S| & |z
0= | Tin dz
Q Jh Z| Fori=1,2
S* _E 23
A g 1
Bi= J;Gn z rdz (16b)
D —5 22

Edge Stresses

Work done by the edge stresses can be represented
on shell cross-section as:

W, = [ [(ou+T,v+T,wW) A (1+ éj dot,dz

ay z

W, = _[ J.(r;u +0_2v+r;w) A (1+ é} dot,dz

o z

(17)

Integrating the edge stresses over shell
thickness, we get edge stress resultants in equation
(17). This reduces 2D expression to 1D system on
edges of reference surface.
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SW, = J (ES Uy + M50, + NS U, + M50, )Azdoc2 + j (N_128 Vy + M,80, + N3V, +M_;286;)A2doc2

C¥

+_[ (618 W, + 590, + QO W, +§86;)A2da2

o2

SW,, = j(N_HS Uy + M50, + N, S U, + M, 50, )Atdoc1 + f (N_28 V, + M50, + NSV, + M50, )Aidocl

| +J. (Q_28 W, + S50, + Q0 W, + S0, ) Ador,

Strain Energy

Strain energy expression for the system can be given
as.

dU = J. '”(61681«52582 +0 Q¢,

o0y Z

T30V 1, +T 150V 15 +T 0V 23)

dU, = IJ.'[GSS

Now
1+ — || 1+— |do dOC dZ 20
( FJ( sz (20
As we know:
g, = ;{810 + 2, + 28, + 2K, }
A1+ (z/R))
So,

U, = _[ J. J.(Gl(SSlO + DK, + 2°0¢, + 236K;)) A

o0y Z

(18)

z
1+— |do,do,dz
( sz (20b)

U, dv, A ASW
EIRE TS

Og O

+”M1A2(asel+sez 0A  ASO

2 da,d
b Jo,, A da, R j %180

SVS 0A s Ad W,
A da, R

adu,
+_|..|. N A{ aoco o, dot,
00, 9A _ ASH;
A, da, R

0{&[ M, A (880?1 o, da,

(20c)

In the similar way other terms can be written

24V, éSuc,aAz AZSW
SU —“sz{a% Ao R ]d o, dot,

Oy Ol

50, 9A, A3
A da, R

+J _[ MZA(aaiez +

Oy Ol

2 jdocldoc 5

At

Oy Ol

Suy oA, Azéwjd o do
A do, R i
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< p[ 936, 86) 9 AJ6,
A S e,
8U, = [ [ AG0;)AAdada,
+[ [ 280 i) AAda,dar,
+[ [ 3D(©0;)AAdado, (22)

Oy O

58U, = [ [ [(r.1.) AA, (1+ éj{u é} dot,dot,,diz

Oy 0ty Z

(233)

dU,, = J. J. _[(’5128 (Yfz + 2 + 2t Z3X1*2))Az

0y 0y Z

(l+ é} do,do,dz (23b)
a3V, 8y, d
Up J.J.NIZAZ( dor, AZO 802 ]daldaz
030, 80, d
+,”‘M12A2( A aA& o, dot,
. [08v, Su, 0A
P 0 _ 0
+(;|1(}:‘; lZAZ( aal A2 aaz Jd(xldaz
. 056, &0, 0
+J. J. Mlez( 80612 —Ela(i jdocldoc2
adu, dV, dA
+0_!‘1&[ NZlA( aa: _Toaal jd(xld(XZ
036, 36, A,
M d
of [0 G- e g

o[ 93U, 3y 0A

930, 30, A,
C 2 do.d
A ZA( 5% aj .,

(23c)

[aSW ASO, — RIAL jdocldoc2

Us=[[QA

0 0L

+”51A2(869 +2(A8u0)]doc dot,

Oy Oz

I A{%W 3<Ase;>+%)daldaz

Oy 02

i Aziaese 2(86R1Ai)jdocldocz )

Oy Ol

3Uy,=[[QA AB6, - dot,dot,

0y Ol

(BSW SVOAZJ
R,

ng{age +2(A28v0)Jdoc dot,

Oy Ol

+JIT Ai(aéw OAzjdoc dot,

Oy Oz

ol JZA@% +2(59F§2A2)jdaldaz 2

Oy Oz

8)1
dU =8U, +dU, +86U,+8U,, +3U,, +3U,,
(26)
dd U, 6v 0A ALSW
dU=| (N do.,d
-] T by S 0A A0 b,
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B 00 A, o T g,

+ j j 3 A{aaaau 8,:2; 521 N ASleS o o, . j I " A(GSU 5:1 gAz "
EIE e e T L s 1 10

+g[0;[ NZA(%SCXVZO +8:10 2221 " AZSRZWO a,dat, O_!.l&[Ql (GSW Ad0, — Ripi jdocldoc2

y R e e
+[ [ A@O,)AAdada,

+| [ 2B@ wp) AAdodor,

+[ [ 3D(36;) AAdot,dor,

Oy O

a0V, du, 0A
N 0 _ 0 d d
N

O O

(ase 56, 0A

+ [ Moy | S0 50

Oy Oy

*HF’JZA{?; 6:2 ;A‘jd doL,

Oy 02

950, 80, 0A
C 1 do.d
" u%( % M%Jal%

Oy O

U, v, 0
+HN2A(aa‘i AvlaAz

Oy O3

)d o, da,

] SA{GSB +2(AS uo)jdoc do,

Oy O

[JF [ag’w +3<A\86;>+5“F§1Ai)dalda2

+.|. J. SA{@SG +2(86I_~21'A’L Jdocldocz

Oy Oy

+_[_[Qz (BSW AJ0, - F\)ZAzjdocdoc2

0 0Lz

] %A(age 2(A28v0)Jdoc do,

Oy Ol

(aSW

+][QA

+.[ .f SA { 285 (SeézAz J)docldoc 2 (27)

Oy O

Now in order to eliminate derivative terms of
middle surface parameters, we use integration by
parts. Integrating given derivative function with
respect to one of the curvilinear coordinate direction
simplify the above expression. For example, let us
take the first term:
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HNlAz(asu") o,

Oy 02

_ f J.%(Nl,%éi U, )dor,do,

0q 0Ly 1

_.[ .[ (a(QI&AZ) } Uydar,dos,

Oy O

“NlAZ(aSuO) oo,

Oy O

J. N, AS u,dot, _J' I(a(g\l&%)}uodocldocz

Oy O

(28)

Using the similar approach for the above
expression of variation of Strain Energy onecanyield
following set of expression:

3U = [ (NS U, +M30, + N;3 g +M,30, ) Ada,

o2

+ I (NS Vo +M,,80, + NSV, +M,,30, ) Ada,

02

+_[ (QB W, + S50, + Q3 W, + S86, ) Ada,

o2

+j(N26 Vo + M50, + NSV, + M50, ) Ador,

+j (Npd Uy + M50, + NS ug +M;,86, ) Adar,

o

T J (Qz6 W, + S,80, + Q8 W, + S,36, ) Ada,

Oy

(N, )
][22

Oy 0tz

0A INaA) aiJrQﬂ
Ne do,  da, 200, T R

du,do,do, -

J‘J‘ a(leAz) aA& a(szi) _N ap& +Q A&A&
Zla oot Yoo, R

Oy O

d v, dar,dat, —

[[[2QA), QA NAA NAA g
: oo, oo, R R,

w,do,dot, —
I(M,A) 0A  IM,A) oA _
(;[(;[( 80L1 +M 12 oo, aOLZ MzaT.cl Q1A1A2]6
6,do,do, —
IM,A) 9A,  d(M,A) oA
(;[&[( a(xl +M218T«1+ 3062 _Mlaaz_szlAz]s
6,do,do, —
ISA) , ISA) MAA MAA
J.(x ( o, ’ oo, R R, AA&AZJS

6,do,do, —

AN, A) A  INZA) A AA
H( NG, T aa,  he, 3R ZSAAZJS

Oy O

ugdot,dot, —

a(leAz) aAz a(NzAl) aiAl_ *%_
”( e 28#\&}5

Oy O

v,do,dot, —

AQA), IQA) NAA NAA
I

w,dor,dot, —

(M, Az) aA a(MzA) aﬁ_ - AR o
JJ[Pd 2 )y, A2 A i
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0, do,do, —

IMpA) 3Az LOMA) A S AR o
e R

0, do,do, —
[[ASA) ASA) MiAA MAA o), Y5
oo, do., R R,
0,dot,dot, (29)
Kinetic Energy
Kinetic Energy termisgiven by:
K=1{pUlav
_Elp . (30)

K =%lp l.J.l.JdV +%lp\./.\./dv +%lpwwdv

(31)

K =%lp l.J.l.JdV +%lp\./.\./dv +%lpwwdv

(32)
SK=3K, +8K, +5K, (33)
OIS P .
(349)

Where,
T S L e
u= (L;O+ 20,+ 72 u0+ 236.1*j (36)

S i a )

A A do,do,dz (34b)

sKk,=[ ][

Aoy z

(U.OS ul,+ 22616 él+ 20,80, + leOS él+ 2616 UOJ

{1+ R122R2 + z(é+€j} A Ado,do,dz

#[[]o

0y 0y Z

(22 Uy Ug+ 22Uy Uy + 2°0,8 ug+ 2°u, 8 6,+ 2°u, 8 0, + 2°0, 8 uoj

{1+ R122R2 + z(é+€j} A Ada,do,dz

]

0y 05 Z

(z“ Uy Uy + 24616 0,+2'0,8 él+ 2u;80,+2°0, 8 UOJ

{1+ Rj;z + z(é + sz} AAdo,do,dz (37)

f 5K dt-—JJ” (u0+ 26“1+ ZZLI;+ 2361)

010 Z

Su, {1+%+ z(é+éj} A A, do,do,dzt

_ '[ I ” (ZLI)+ zzé;+ z u0+ z“e.;* jﬁel

00y Z

{1+ % + z(é + éj} A Ada,do,dzdt
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—f ”J. (zz u0+ zsé.1+ z u0+ zf"e.;*}ug

oy Z

{1+ z
RR,

—f J.” (23 u0+ z4é.1+ z u0+ 266.;* )561

oy Z

" z(é+€J}AlAzdoc dor, dzcl

{1+ z +z(i+—J}A_Azdoc dor,dzct

Also, we can write

f 3K dt-—Jj“ (v;+ zé;+ 22\./;+ 236.;*)5%

010 Z

{1+ Rf;z ( é RZJ}AAZda dor, dzcl

—J f” (z.\;o+ 226“2+ 23\./é+ 246"; }362

0y 0y Z

{1+ Rf;z + z(%+€} A Ado,do,dzdt

—f ”J. (25;/0+ z3é;+ z v0+ 256"5}%

Aoy Z

{1+ z
RR,

—.|. “.J. (23\./;+ 249..2+ z5\./(:)+ 266"5 )562

0oy Z

" z(é+€J}AlAzdoc dor, dzcl

{1+ Riz_zRZ + z(% + é}} A Ado,doc,dzdt

(38)

(39)

6 K,dt = —J- I ” (v.\;o+ 26"3+ z W0+ zsé;}wo

00y Z

{1+ szRz + z[é+é]} A A da,do,dzdt

1" (a'&o+zzé;+ s 20; o,

0y 0y Z

{1+ Rf;z + z(é + E)} A A dot,dor dzdt

—J f” (zi\;vo+ zsé;+ z' WO+ zSé;jjaw;

0y 0y 2

{1+ Rf;z + z(é+éJ}AlAzdaldazdzdt

—J f” (23 \;\;O+ z4é;+ z w0+ zeé;f }63

0y 0y 2

z(é + é}} A A do,do,dzdt

(40)

{1+Z—2+
RR,

Above three set of equations (38), (39) & (40)
are part of the dynamic forces produced because of
displacement function along the ‘o’ curvilinear
coordinate, ‘o curvilinear coordinate and surface
normal direction ‘Z’ respectively. Here, without taking
any assumptions, dl inertiaforces(i.e. rotatory inertia,
tranglational inertia) have been accounted. Also, itis
to be noted that this formulation is valid for theory

2
h
assuming (KJ <<1. In case of theory with

in

assumption (_j <<1 termfromthe equation (35)

in

will turninto unity.
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Equations of Static Equilibrium

Substituting the termsderived for variation in external
work, internal strain energy and edge stresses, we
can expand the principle of minimum total potential
energy asgiveninequation (7b). Further thevariation
form of equation can be obtained corresponding to
the small change in displacement parameters. Also
thisvariational expression contains stress resultants
across edges which can be given as boundary
conditionsassociated with the problem. Following are
the set of equilibrium equationsfor static problemfor
HOSNT 12 model adopted for doubly curved shell.

su ANA) L 0A | A(NyA)

° 0y Yoo, O,
A o AA
NS+ QR+ GAA =0
s, AN | OA O(N,A)
oo, o, o,
NOA o AA _
Nt Qs+ BAR =0
su - AQA)  AQA)  NAA
oo, oo, R
ZALAZ 0
R, ~0AA =
50, - XMA) 1 OA | O(MA)
oo, o, o,
22 QAA +mAA =0
O(1

2" Qa, 9a,  da,

. A

5 QAA FMAA, =0
Ay

50, 2SA)  ASA) MAA

oo, oo, R
DR A M AA, =0
Su; AN, A) L PN, 0A a(Nzlpl)
oo, Jo o,
NA g AA n _
aa R ~25AA +(W)AA =0
sy - INGA) - A I(N;A)
" 9oy Nax aoc1 oo,
N A

_o A% L _
NS~ QR 2SAA T (@)AA =0

sui - AQA) AQA) NAA
oo, oo, R

_NAA e D _
R 2BAA -7 (0)AA =0

500 AMIA) |y 0A  AMLA)

0L, 1 80(2 0oL,

e B s AR
Mogg 28 ~aiAA + T m)AA =0

50 AMLA) |- 98 3(M;A)

0oL, 2 8ocl 0oL,
_mr A AA o n _
80(2 -25,—* R ~3QAA +-(M)AA =0

s0;: ASA) ASA) MiAA

oo, oo, R
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_MAA _h _
R, 3DAA, 4(mn)/\A2—0 (42)

Boundary conditions can be given for edges:

, = constant edge:

Q1=Q1 or W, = W,

Ml:M_l or e1:6_1 IV|12:M_12 or 6226_2

M; = M; 0rg; =6, Mj, =M, or 0, =6,

S =95 oro,=0, (429

o, = constant edge:

N, =N, Or Uy = U, M;1:M;1 Orel* =el*

Q2=620rW0=W0
S =S oro;=6;
M,=M,or6,=6, S =S 0r0,=0,

Q, :a; or W, :Wg (42b)

Equations of Dynamic Equilibrium

Taking account of Hamilton’s principle and substituting
expression for kinetic energy we get equations of
dynamic equilibrium. Following set of twelve
expressions for HOSNT12 model are derived
corresponding to each displacement parameter. These
termsare added in the above set of static equilibrium
equations to represent equations of dynamic
equilibrium.

Contribution of kinetic energy termswith respect
to middle surface parameters for HOSNT12 with

h 2
—— | <<1 canbegivenas:

in

. g % % . g % o1
—Luy—1,6,—1;u,— 1,0, —(l;uy+1,0,+ 1 u,+ Iﬁel)—RiR2

du, = AA

- - “ 11
_(|2u0+|391+|4uo+|591)(ﬁ+€j
" - “ = - - “ T
=1 V= 1,0, 1,vy—= 1,0, = (1, + 1,0,+ 1,y + 1,0,) —
RR,
dv, = AA
- - ° (1001
—(1,Vo+ 1,0,+1,v,+1.6,) E+§
—|1WO—|263—|3W0—|493—(|3W0+|493+|5W0+|693)ﬁ
dw, = AA

1

(I, W+ 1,0+ 1, W+ |59;)(€+—J
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1 U= 1, 0,— 1, U= 1.6, = (1, Upt 10, + 1 Ui+ 1,8 ) ——
O,=A” L L,
—(I3u0+l461+l5u0+Ieel)(§+€J
_ . . 1
|e (Iv+|6+|v+|6)
RR
86, = AA, 1
(Iv+|6+|v+|6)[ +—)
j R R |
W 10 1 Wom 1402 — (1, W+ 1B 1 W 1,8 ) ——
SOS:AAZ . .o .o .o 1 1
__(I3WO+|463+I5W0+I663)(E+€J
B oe Py 0: oo oo 1
—lu—=1,0,—1,u,— 1,0, = (I u0+l e+| JUg+ g 6 )R1R2
Sup = AA, 1
(Iu+|9+|u+|9)( +—j
i R R
* —I3v0—le Iv (IV+|6+IV+|9)R1R2
OV, = AA 1
—(Iv+|6+|v+|6)[ +—J
L R R
—lowWy—1,0,— T W= 150, — (1o W+ 1,05+ 1w+ 1,0,) —
. RR,
dwp = AA
- - 101
—(I, W+ 1.0,+ 1w, +1,6,) E+€
T oo a 1
—l,u,—1:6,— 15U, 91—(I6u0+I791+I8u0+lgel)ﬁ
30, = AA

(U 1,0+ 1, U+ |Se;)(%

1

3

4+ —
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B T S S ol SN |
—I4vo—Isez—I6v0—I792—(I6v0+l792+I8v0+lgez)ﬁ

80, = AA
" N ’ (101
—(Igvy+ 150,+1,v,+156,) E+§
B .o .o oo* oo* .o .o oo* oo* 1
=l wWy= 1,0, T gw,— 1,0, — (Igwy+ 1,05+ g wy+ 1,0,) —
50, = AA "R
’ 1 (43)

S

—(Is\;\;0+ I6é;+ I, W+ IBGQ)(%+—

R,

Contribution of kinetic energy termswith respect
to middle surface parameters for HOSNT12 with

in

SU, = AA

SV, = AA

Sw, = AA{—llJ\}O— 1,0, 1, w,— ue;}

50, = AA{—lzL];

56, = AA,

86, = AA

]«1 can be given as:

—1,uy—1,0,— 1,u— 1,6,

_Ilvb_

_ |391_
—|2V0— |392_
_|2Wo_ |363—

1,0, 1,v,— 1,0,

l,Uy— 150,
I,Vo— 156,
I, W,— |563}

6“; = AXAZ[_IalI)_ |4é.1_ |5u;_ |66;:|

|

SV:) = A1A2|:_|3\./;_ |49"2_ ISV:)_ |6e;:|

Swp= AA

30, = AA,

80, = AA

80, = AA,

where,

{—Iswo— 1,0,— g w,— 1,0,

|

Ty
*

|7el

—1,Uy=1,0,— 1, u,—

- oo

_|4Vo_ |562— Ievo_ |7ez

—1, Wy 1.0,— I W~ 1,6,

{Il’IZ’|3’|4’|5’|6'|7’|8'|9}

} (44)

Zﬂ/zzp(z){l Z, 22123724,25,26,27,28}dz (45)

Numerical Analysis

The general mathematical model for adoubly curved
shell given above is particularized for an open
cylindrical shell (Fig. 4) defined by (x, ¢, Z) coordinates
and incorporating thefoll owing geometrical equations.

Fi = o0

Ado, = Rdd

R =R  Ado,=dx

(46a)
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Fig. 4: Geometry of circular cylindrical shell panel

The above relation can be deduced to following
points:

A=1 A =R do,=dx do,=do (46b)

Example: A circular cylindrical shell subjected

. X 7o
to sinusoidal |oad (QOS'”TCOSKJ in radial

direction. Themateria of theshell isconsidered to be
isotropic with Poisson’s ratio being 0.3. Table 1
presents results for normalized displacement and
stresses for different (R/L) ratios. Results as given
by present HOSNT12 model for both thicknesscriteria
show an excellent agreement with the 3D results
given by Bhimaraddi and Chandrashekhara
(Bhimaraddi & Chandrashekhara 1992).

Conclusions

Present work derives the set of static and dynamic
equilibrium equations using the higher order shear and
normal deformation theory with twelve middlesurface
parameters. The set of equations are derived for a
doubly curved shell structure and present theory also
assumes extended thickness criteria as given by
Flugge. Above derived set of equations can further
be reduced to other cylindrical, spherical shellsor plate
structures using necessary geometric characteristic.
Theresults presented for cylindrical shellsverify the
accuracy of present theory.

Table 1. Transverse displacement and stresses for diaphragm supported isotropic circular cylindrical shell under sinusoidal

transverseload (h/L=0.1; L/b=1)

[ EV_VJ
%R (x0,2)=(L/2,012,0)

()
(x0,2)=(L12,9/2,h/2)

(0
Theory Exact 3D HOSNT12a HOSNT12b Exact 3D HOSNT12a HOSNT12b
(% Error) (% Error) (% Error) (% Error)
R/IL=5 29.003 28.9471(0.193) 28.9276(0.26) 21.138 21.1774(0.19) 21.2461(0.51)
R/L=10 29.379 29.3654(0.046) 29.3600(0.065) 20.719 20.7948(0.37) 20.8326(0.55)
R/L=20 29.445 29.4413(0.013) 29.4398(0.018) 20.413 20.5011(0.43) 20.5208(0.53)
(T 13 )(x,¢ ,2)=(0,0/2,0) (G 3 )(x,¢ 2)=(LI2,¢/2,h/2)
Qo U
R/IL=5 2.3455 2.3436(0.081) 2.3414(0.17) NA 1.2224 1.2332
R/L=10 2.3787 2.3787(00) 2.2781(4.23) NA 1.2261 1.2318
R/L=20 2.3847 2.3852(0.021) 2.3850(0.012) NA 1.2271 1.2300

HOSNT12a: Theory with (/R)?<<1, HOSNT12b: Theory with (WR)<<1
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Appendix A
Flugge-Lur’e Byrne Criteria for (h/R)?><<1

Sla) 3G R

=|1+— | =1-——+|— | =| — | +.erere.
(“Zj R R (R R (A.1)
R

S
Ej(la(aﬂaj .......... J[Héj
|

TN
=
+
~
Il
TN
T
TN
N
N
~—

+Z_Z(i_iJ_Z_a(i_LJ+Z_“(i_iJ_Z_5(i_i)+ ]
RIR R) R R R) RIR R) R'\R R/ 77 (A.2)

)
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(Héj 1L 1), Zf1 1
(“é] ( [Rz RJ RQ(RZ Rln

(A.4)

Or general expression with further multiples of
thickness coordinate can be written asfollows;

=|2"-2

&

n Z
2| 1+—
( R;J . (1 1}+z"*2[1 1}
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